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The characteristics of the Ka´rma´n vortex generated by a molecular dynamics (MD) simulation exhibit strong
finite-size effects, and MD can only reproduce the experimental results qualitatively. Here, we seek the simula-
tion conditions for quantitatively reproduce the vortex shedding frequency. We found that the finite-size effects
are mainly caused by the interference of vortices and the nonuniformity of the fluid viscosity coefficient.
It is well known that an obstacle in a flow generates two
rows of staggered vortices called Ka´rma´n vortex street behind
the obstacle. Flows around an obstacle can be found in many
places around us, such as airflow around a building, water flow
around a screw propeller, and so forth. Because the Ka´rma´n
vortex is a source of noise and vibration, it is crucially impor-
tant to understand the flow characteristics around an obstacle
in the engineering field. Especially, the flow around a circular
cylinder is one of the most fundamental problems of fluid dy-
namics. Therefore, experimental and numerical studies have
been conducted on the flow around the circular cylinder [1].
The shedding characteristics of the vortices are phenomeno-
logically well understood for the Newtonian fluid. The shed-
ding frequency is given experimentally by the following equa-
tion [2]:
S t = 0.212 − 4.5
Re
, (1)
where S t = f D/V and Re = ρDV/η are the Strouhal num-
ber and Reynolds number, respectively ( f : vortex shedding
frequency, D: cylinder diameter, V: inflow velocity, ρ: fluid
density, η: fluid viscosity coefficient).
With the progress in computational power, Ka´rma´n vortex
can be generated by molecular dynamics (MD) simulation [3–
5]. Although MD simulation is advantageous to deal with the
complex flow phenomena directly, such as the Toms effect [6]
exhibited by polymer solutions, and cavitation in multiphase
flow [7], it suffers from strong finite-size effects. To under-
stand the finite-size effects on MD, we investigate the differ-
ence between the Strouhal number S t(MD) obtained by MD
simulation and the value predicted by Eq. (1). This relation
Eq. (1) holds for not only macroscopic methods based on the
Navier-Stokes equations but also mesoscale methods [8, 9].
However, the values obtained by theMD simulations are twice
as large as the expected value [3–5]. Because both S t and
Re are dimensionless quantities that do not depend on a typ-
ical spatial scale such as the cylinder diameter, it is expected
that the relation Eq. (1) also holds in MD simulation. Possi-
ble causes of the deviation are the influence of compressibil-
ity [10, 11] due to high flow velocity and the interference of
vortices due to periodic boundary conditions [12, 13]. The ef-
fects can be investigated by changing the density for the com-
pressibility and the channel width for the vortex interference.
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Therefore, in the present study, we investigate the condition
that quantitatively reproduces Eq. (1) for the Ka´rma´n vortex
behind the cylinder by the MD simulation.
We used the Weeks–Chandler–Andersen potential [14] φ =
4ǫ
[
(σ/r)12 − (σ/r)6 + 1/4
]
θ(2
1
6 −r) for the interparticle inter-
action of the fluid, where θ is the Heaviside function, r is inter-
particle distance, ǫ and σ represent the energy and the length
scale, respectively. The mass of the particle is m. Hereafter,
physical quantities are expressed in units of energy ǫ, length
σ, and time τ0 = σ
√
m/ǫ. The simulation box is almost the
same as in Ref. [5] and is a rectangle with dimension Lx × Ly,
where Lx = 3600 and 500 ≤ Ly ≤ 5000. The flow direction of
the fluid is the x-direction. The periodic boundary condition
is taken for all directions. The circular cylinder is modeled
by a set of particles whose positions are fixed on the cylin-
der surface. The cylinder with diameter D = 100 is located
at (x, y) = (1000, Ly/2). To control the temperature and the
inflow velocity, we used the Langevin thermostat [5] in the
region of 3200 ≤ x ≤ 3600. The friction coefficient of the
Langevin thermostat (ζ of Eq. (4) in Ref. [5]) is 0.1 and is lin-
early increased from 0.0001 to 0.1 at 3200 ≤ x ≤ 3400. The
temperature is set to T = 1. This thermostat relaxes the veloc-
ities of the fluid particles into the Maxwell distribution whose
average velocity is given by V in the x-direction. The density
is in the range of 0.4 ≤ ρ ≤ 0.83. In the three-dimensional
(3D) simulations, the thickness of the simulation box in the
z-direction Lz = 10 is employed. When Ka´rma´n vortices ap-
pear, a periodic lifting force FL whose period is equal that
of the vortex shedding acts on the cylinder. Here, we adopted
the frequency of lift coefficientCL = 2FL/(ρDV
2) as the shed-
ding frequency of the Ka´rma´n vortex. MD simulations were
performed using the velocity-Verlet algorithmwith a time step
of 0.004, for up to a maximum of 10 000 000 time steps. The
time integration is performed by LAMMPS [15].
Figure 1(a) shows the Re dependence of S t(MD) in the two-
dimensional (2D) simulations. The broken line in the figure
shows Eq. (1). While all results deviate from Eq. (1) in the
case of Ly = 500, the results of Ly = 5000 tend to approach
Eq. (1). Because we controlled Re by changing V , the Mach
number Ma increases with increasing Re. The decreasing in
S t of Ly = 5000 at high Reynolds number (Re & 160) is due
to the high Mach number Ma. Because Ma is 0.5 or more
in the range of Re & 160, the compressibility affects the vor-
tex shedding frequency. The compressibility effects on the
frequency also appear in the simulation based on the Navier-
Stokes equations [10, 11]. In addition, because the flow veloc-
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FIG. 1. (Color online) Strouhal number S t as a function of the
Reynolds number Re in (a) 2D and (b) 3D. The open and filled sym-
bols show the results of the channel width Ly=500 and 5000, respec-
tively. The inset in panel (a) shows the relative error at Re = 100 as
a function of Ly.
ity is too fast in the MD simulation, the formation of vortices
is inhibited due to the detachment of the fluid behind the cylin-
der. The inset of Fig. 1 shows the Ly dependence of the rela-
tive error of ρ = 0.40, 0.83 at Re = 100. The relative error is
defined as
∣∣∣S t(MD) − S t
∣∣∣ /S t. In the case of ρ = 0.40, the rela-
tive error decreases monotonically as Ly increases. Therefore,
the interference of the vortex with the image cell is one of the
main causes of the deviation from Eq. (1). As for ρ = 0.83, the
relative error only reaches up to ∼ 30% and the relative errors
are almost unchanged between Ly = 2500 and Ly = 5000.
This observation suggests that another cause also exists for
this phenomenon at the high density. Figure 1(b) shows the
results of the 3D simulations. Like the 2D simulations, S t(MD)
tends to approach Eq. (1) as Ly increases.
The density dependence of the relative error at Re = 100
is shown in Fig. 2(a). As the density decreases, the error at
Ly = 5000 decreases monotonically while it is almost inde-
pendent at Ly = 500 for the low density (ρ ≤ 0.6). There-
fore, the deviation from Eq. (1) decreases as the density de-
creases when the system is almost free from the interference
of the vortices. As shown in Fig. 2(b), the viscosity increases
rapidly with the density. Therefore, the variation in the viscos-
ity due to the density change also increases with increasing
the density. In flows, the spatial and temporal density vari-
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FIG. 2. (Color online) (a) Relative error at Re = 100 and (b) the vis-
cosity as a function of the density. The open and filled symbols show
the results of the channel width Ly=500 and Ly = 5000, respectively.
The dashed and dotted lines in (b) are obtained by fits using Eq. (19)
in Ref. ([16]) with d = 4. (c) Time-averaged local density ρl as a
function of the downstream distance ∆x at Re = 100 with Ly = 5000
in 2D case. Solid lines show the average, and dotted lines show upper
and lower limits of fluctuations.
ation is caused by the pressure change. Figure 2(c) shows
the time-averaged local density ρl and the temporal density
fluctuation ∆ρ downstream of the cylinder at Re = 100 with
Ly = 5000 in the 2D case. A characteristic change in ∆ρ
exists at 200 < ∆x < 300 in the case of ρ = 0.83. The
maximum density fluctuation of ρ = 0.40 and ρ = 0.83 are
∆ρ = 0.035 and ∆ρ = 0.12, respectively, where ∆x is the
downstream distance from the center of the cylinder. Since
Ma is not so different (Ma ≃ 0.4 and 0.5 at ρ = 0.40 and
0.83, respectively), it is not caused by Ma change. The av-
erage density behind the cylinder is spatially lower than the
other regions at higher density. Since these density variations
induce nonuniform viscosity, the effective Reynolds number
which determines the vortex shedding frequency is altered.
Hence, we conclude that the nonuniformity of viscosity near
the cylinder is the cause of S t deviation at high density. The
relative errors in 3D are smaller than those in 2D because the
viscosity variation is smaller as shown in Fig. 2.
In summary, we evaluate the Strouhal number of a Ka´rma´n
vortex behind a circular cylinder by MD simulations. The
main causes of the deviation from the experimental results are
the interference of vortices and the nonuniformity of the vis-
cosity. The former can be suppressed by widening the chan-
nel width, and the latter can be reduced by decreasing density.
Therefore, we conclude that a nanoscale Ka´rma´n vortex can
be analyzed quantitatively by the MD simulation.
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